A mathematical formulation for the automated design of parts and assemblies is presented as a numerical algorithm and its accompanying experimental code. A mechanical part is modeled as an assembly of links connected via joints. Constraints are imposed by the designer such that some dimensions are specified as variables while others are allowed to propagate due to a design change. Graph theory is used to model the assembly where the method of cut-joint constraints is used to obtain a spanning tree. Joint constraints between the various links are introduced and their variations are computed. A velocity transformation matrix is introduced and the Jacobian of for each constraint is developed. The Jacobian of the constraint is transformed to joint coordinate space. Finally, because the resulting system of equations has a non-square Jacobian, the Moore-Penrose inverse is used to compute an assembled configuration, hence, redesigning the assembly. The formulation is extended to include various methods for computing an assembled configuration. While the accompanying numerical code is only experimental, the formulation presented herein is believed to form the basis of a new methodology for automated computer-aided design of parts and systems. The significance of this work is characterized by the formulation's ability to automatically design and redesign parts.
INTRODUCTION
Tremendous efforts in recent years were dedicated to the development of automated methods and to increase the degree of intelligence in computer-aided design (CAD) software. Under the umbrella of concurrent engineering, numerous researchers have reported versatile and powerful techniques ranging from the use of parametric technology to artificial intelligence aimed at elevating the automation CAD systems in providing help to the designer.
The field of computer-aided design has seen a revolutionary advancement by the advent of parametric technology. Using this technology, many commercial CAD systems have simplified the iterative design process. In most cases, parametric technology has been implemented characterized by sets of rules associating dimensions by simple equations. For example, the length of two links d 1 and d 2 may be related by a parameter t by in an equation as d d t 1 2 = .
This indicates that a change in the length of link 2 will automatically change the length of link 1. Similarly, a change in any geometry causes a change in another geometric property.
The process of design still largely depends on the experience and intuition of engineers. In a typical design process, the initial design data are specified. Design parameters are modified to improve the performance. Based on experience and analytical formulations, a design may undergo a number of iterations before reaching an optimum situation. Computer programs have used this concept to automatically alter designs are those reported by (Imamura 1994 , Burke et al. 1994, and Cutosky and Tenenbaum 1990 ). This type of software facilitates constraint-based modeling and in many cases provides inferencing via constraint propagation. Some methods specify a parametric dependency between different parts. A design change in the geometry of a part propagates through the complete design. Other efforts at CAD/CAM automation include reasoning schemes that use topological relationships between features (McMahon, et al. 1997 ).
More recent efforts to automate the mechanical design process in the manufacturing field were demonstrated by Abdel-Malek and Maropis (1998).
For completeness (and to differentiate between our work and that in the main stream of geometric constraint solving), we review works in that field. There are a number of schemes for constraint solving (a classification can be found in Hoffmann and Vermeer 1995), of which we will identify those that are relevant, and delineate the differences.
(a) Instance solvers where constraints are converted to a set of equations to be simultaneously solved using numerical algorithms. While this approach is valuable in treating overconstrained and inconsistent problems, an initial solution must be determined prior to initiating a solution (see a listing of the shortcomings of this approach in Kramer 1992 and Grimson 1990 ). In our proposed approach, the mechanical part is converted to an assembled mechanism, whereby any further changes are inherent in the design of the mechanism. (b) Generic solvers where sequential constraints are used to investigate first whether the constraints can be placed, then determines the placement (Bouma, et al. 1995 , Eggli, et al. 1997 , Fudos and Hoffmann 1996 , Gao, et al. 1988 , Sunde 1988 1990, and Suzuki, et al. 1990 ). (c) Symbolic solver where manipulation of the algebraic equations defining the constraints is performed using a symbolic manipulator to facilitate the determination of a solution (Anantha, et al. 1996) . Those methods are also sometime called hybrid (Hsu and Bruederlin 1997) . We do not use symbolic manipulators, however, the algebraic equations are variational in form. Indeed, we will maintain some of kinematic parameters as variables in order to study the effect of changing one parameter on the assembly (analogous to design sensitivity analysis). (d) Rule-based solver where constraints are expressed by rules and predicates and are solved using logical rules (Arbab and Wang 1990 , Sunde 1990 , and Wetkamp 1992 . Graph representation was also used by Lee and Kim (1996; , Verroust, et al. (1993) , Todd 1989, and Hoffmann, et al. (1997) .
The work is based on recent rigorous mathematical formulations by this group (Zou, et al. 1996) which was extended to the automatic computer aided design idea in (Zou, et al. 1997a; 1997b) . It is based on a computational method for studying the kinematics of mechanical systems as first used multibody dynamics formulations by Haug (1989) and were implemented into commercial code (DADS 1998). This paper is a further expansion of the formulation with the ultimate goal of developing an automated CAD environment.
The proposed method of modeling of a mechanical part into an assembly of links and joints will first be presented in Section 2. An assembly will be transformed into a connected graph and some joints will be cut in order to obtain a spanning tree. The mathematical formulation will then be introduced in Section 3. A state vector representation will be formed in Section 4 where the Jacobian will be transformed from joint to state vector notation. A solution to the general problem of computing an assembled configuration will be introduced by forming a MoorePenrose inverse of the Jacobian. Six variational methods for computing an updated part will be presented and a number of examples will be illustrated.
The significance of the formulation is evident in a CAD environment where a part can be automatically designed because of the inherent formulation therein. A more intelligent system can be developed that is poised to make significant contributions to the computer-assisted mechanical design field. This paper is the basis for such a system applied to 3D-parts. At some instance during the design process, it is necessary to change the dimension n of part Γ 1 to n n + ∂ . This change will influence the design of the mechanical part Γ 2 . However, the change in part Γ 2 is subject to some constraints imposed by either its connectivity or functionality. It is proposed to model the constraints using links connected via joints. For example, the dimensions l and k are modeled as solid links (rigid bodies) of the same length, while the design variation is due to the changing link n n + ∂ . It is also desired to absorb the design variation by the upper dimension, namely m. Therefore, this dimension is modeled as a sliding joint ( J 3 ) connecting two revolute joints (J and J 2 4 ) and is given the generalized coordinate q 3 . It is also necessary to introduce joints J and J 4 . Note that by specifying the zero link as ground, a constraint has been imposed on the orientation and length of link k. In addition, the angles q 1 , q 2 , q 4 , and q 5 are maintained as variables subject to change. In fact, the mechanical part is now completely modeled by five links and five joints. The mechanism shown in Fig. 1b is a model of the mechanical part ( Γ 1 ).
MODELING AND GRAPH THEORY
As a second example, consider the mechanical part shown in Fig. 2a which was addressed by Zou et al. [1] . In this case, consider another type of variation in the dimension l to l l + ∂ , but with the constraint that the angle q 1 remains constant, i.e., q c 1 = . In this case, the length k is allowed to absorb any design variation with some angle changes in joints (J and J 2 3 ) and the mechanism is shown in Fig. 2b . Upon modeling the mechanical part as a graph, the joint with the highest number of degrees of freedom is cut in order to reduce the number of equations in the analysis. Often, the resulting spanning tree has a pair of bodies that is disconnected after cutting joints. For this case, the tree graph representation is illustrated in Fig. 5 , where the ground or chassis shall be called the base body. A joint that connects bodies i and j is cut and body p is the junction node of the two chains that contain bodies i and j , respectively. In this case, it will be necessary to represent the state variation of body j in terms of the state variation of body i although no relative coordinates exist between bodies i and j. 
MATHEMATICAL FORMULATION
In this section, a constraint formulation for a joint that has no connecting length will be developed. The variation of this constraint will be presented before generalizing the case in the following section. In order to facilitate the forthcoming discussion, Fig. 6 is introduced to define the terminology. Let body i be defined as the inboard of body j. The vectors r i and r j denote the global position vectors extending from the origin of the global reference frame xyz to the origin of the body reference frame ′ ′ ′ x y z . The joint reference frame will be denoted by ′′ ′′ ′′ x y z . The vectors ′ s ij are the joint-position vectors in the body reference frame. For a pair of connected bodies, the reference frame is defined at the joint connected to the inboard body; thus, the vector s ji vanishes. A vector d ij is defined to determine the joint connection points from the origin of the joint reference frame ′′ O ij on body i to the origin of the joint reference frame ′′ O ji on body j, which is zero for a spherical joint.
In deriving the variational constraints, it is necessary to keep the joint-position vectors and the orientation matrices as variables in order to obtain their differentials. The derivation of basic constraints was presented in our first report and will not be repeated here. In general, the constraint equation is a function of the following parameters 
Define the virtual rotation matrix δπ (a skew-symmetric matrix) as δ δ p = AA T (5) where the tilde operator (the symbol ~) is used to denote a skew-symmetric matrix generated by the associated vector (e.g., ã is the skew symmetric matrix resulting from the elements of the vector a = a a a x y z T ). Similar to the virtual rotation matrix δπ resulting from A, define a virtual rotation matrix δx resulting from the transformation matrix C ij such that δ δ
To simplify the computation of virtual rotations, transform using the virtual Euler parameters such that δ δ
where p j T e e e e = 0 1 2 3 is the vector of Euler parameters ( e i ) and E j is the Euler semirotation matrix defined as (11) have been maintained as variables. This variation will be later written in terms of a Jacobian and solved for a new set of generalized coordinates.
TRANSFORMATION TO A STATE VECTOR VARIATION
In this section, a recursive formulation will be developed to compute the state variation of one link with respect to another. The variation of a constraint that has no connecting length given by Eq. (11) can be written in general terms as 
Because the connecting joint between bodies i and j is cut, the state variations of bodies i and j must be written in terms of the state variation of their common junction node p in . Equation (19) can be recursively used to obtain the state variation of body i in terms of the state variation of its junction p and of the relative coordinates along the chain as
Similarly, the state variation of body j can be written in terms of a series as
Substituting Eqs. (22) and (23) into Eq. (18) yields
Collecting similar terms and rearranging yields δ δ δ δ 
The goal is to develop an automated design environment. The constraint violations due to a design variation can be automatically compensated for using one of six methods.
(1) Change in the generalized coordinates q The aim of this method is to develop a formulation that will allow a design variation to be absorbed by a change in the generalized coordinates. Therefore, an assembled configuration of the mechanism is determined by seeking solutions to the following equation. Note, however, that a discussion for determining such solutions will be addressed in the following section. Consider the design of a mechanical part modeled as a four bar linkage with sides k, l , m, and n, and angles q 1 , q 2 , q 3 , and q 4 . A design variation is specified to change length of link 1 from l to l l + ∂ . Using Eq. (29), a computed assembled configuartion is determined as shown in Fig.  7b . Note that the original part has maintained the other three lengths, but has only changed the angles between the links. 
where 
MOORE-PENROSE SOLUTION
For a given initial estimate that does not satisfy the constraint function F (Eq. 29-32), the MoorePenrose pseudo inverse is used to obtain an initial assembly, i.e., the set of linear equations written as 
where Φ q * is the Moore-Penrose pseudo inverse of the Jacobian
The new set of generalized coordinates is computed as( )
∆ . This method converges to an assembled configuration q * within a few iterations because of its quadratic rate of convergence. A design variation in the length connecting points A and C will be introduced, and accordingly, some constraints will be specified. The requirements are to maintain the perpendicularly of the planes defined by ABFE and BCGF and to maintain the lengths EA, AC, and CG as constants, therefore, these lengths are modeled as links. In order to maintain movement of points A and C in their planes, revolute joints (J 1 and J 4 ) are introduced at points G and E, respectively. At points A and C, either universal or spherical joints are specified to insure the free movement of the two points. A universal joint J 2 is specified at C and a spherical joint J 3 is specified at A. The constraints are modeled in Fig. 9b . The length AC, is modeled as link 2 and will undergo a design variation from length n to n n + ∂ . As a result of this variation, warping in the upper face will take effect.
A SPATIAL 4-BAR LINKAGE EXAMPLE
To form a spanning tree, J 3 is cut yielding two bodies that do not remain connected after cutting a joint. Since the spherical joint is cut, a spherical constraint equation is introduced (36) where the system has four generalized coordinates and three equations. The Jacobian matrix 
= -
(39) where B 1 , B 2 , and B 3 are velocity transformation matrices for the revolute joint, universal joint, and revolute joint, respectively, such that
where h 41 . For an initial setup (column 1 of Table 1 ), and for a design variation in the joint-position vectors ( ′ s ij ), assembled configurations can be computed according to methods 1 to 3 above and entered into columns 3 through 5 of Table 1 . An illustration of the change in variables is shown in Fig. 10 where the part is updated and shown. Note that a deformation in the upper plane of the object has been effected as a result of the motion caused by the two spatial joints (J2 and J3). Using the methods 4 through 6 above, the iterative algorithm is employed until constraint violations are satisfied and the results are entered into columns 2 through 4 of Table 2 , where p 03 is the vector of Euler parameters associated with C 03 (transformation matrix from translational joint coordinates to ground reference frame); p 32 is the vector of Euler parameters associated with C 32 (transformation matrix from universal joint coordinates to the reference frame of link 3). To illustrate the numerical results of methods 4, an assembled mechanism is shown in Fig. 12a and the updated part is shown in Fig. 12b . Indeed, Fig. 12b depicts the original position of the links (i.e., initial configuration of the mechanism) and the final configuration where the deformation has changed the part while maintaining the integrity of the mechanism. The concept of automated design by converting the machine part to a mechanism has been validated. In principle, we believe this approach to design will lead to improved intelligence of modern Cad systems because of the flexibility inherent in the system. Moreover, the field of kinematics is well established and therefore, algorithms needed to represent any spatial mechanism can be developed. 
CONCLUSIONS
An analytical formulation for automated design of mechanical parts and assemblies in a computer-aided design environment has been presented. The formulation presented in this paper and illustrated by numerical examples demonstrates the validity of a general-purpose formulation and experimental computer code for the computation of design parameters after introducing a variation in the original design. Although in its introductory stages, the method and experimental code are the basis of a new generation of CAD systems poised to achieve the goal of automatic design.
It was shown that this formulation is derived with respect to design parameters to obtain design propagations. These constraints are derived keeping the joint-position vectors and orientation matrices (represented by Euler parameters) as variables. Variations of these vectors and matrices were also developed. It was shown that the Jacobian matrix in Cartesian space is transformed to joint coordinate space. The use of relative generalized coordinates in a recursive formulation has simplified obtaining the differential variations. Because there are more variables than equations, the Moore-Penrose pseudo inverse method is implemented to compute an assembled configuration, hence redesigning the part.
Results of our numerical algorithms have been presented using two spatial examples. While the concept presented herein presents the first treatment of a systematic approach to automated CAD, we state some of the difficulties encountered during the development of this method. In order to have a masked operation of the code invisible to the user, it is important to develop a user interface that converts CAD data to kinematic constraints. While this aspect of the research is clear and can be readily developed, this team of researchers has not yet developed such an interface. Nevertheless, we have a manual systematic approach to converting 3D objects into a mechanism whereby constraints are located and links are defined. Another difficulty that is currently under investigation is the capability to solve the complete set of kinematic constraints simultaneously. While we have introduced the Moore-Penrose inverse as an efficient method, the robustness of the method has not yet been compared with other solvers. However, this does not hinder any of our rigorous formulation for obtaining a suitable solution to the problem.
The method has been shown to be applicable for solids represented in a 3-dimensional CAD environment.
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